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Abstract 



We prove the second Voronoi conjecture on parallelohedra for zonotope. We show 
that for a given face-to-face tiling of (i-dimensional Euclidean space into parallel copies of 
£NJ | zonotope Z there are d vectors, connecting centers of zonotopes with common facet, that 

are basis of the correspondent lattice of the tiling. 
AMS subject classification: 52B20, 52C22. 

O 

tj- ! 1 Parallelohedra 

o 

1 I 

Definition 1.1. A polytope P C M. d is called a parallelohedron if Euclidean space M. d can be 
tiled into non-overlapping parallel copies of P. 

There are several classical results in the theory of parallelohedra. Here we will mention 
two of them. The first one is the Minkowski theorem [Ij that claims that parallelohedron P 
is centrally symmetric, any facet of P is centrally symmetric and projection of P along any of 
its ridge (i.e. face of codimension 2) is either parallelogram or centrally symmetric hexagon. 
The second one is the Venkov theorem that claims that these three conditions of Minkowski 
are sufficient for P to be a parallelohedron. 

In general case two parallelohedra with common boundary point can share only a part of 
faces of both, as in usual brickwork two bricks from consecutive horizontal layers share only 
half of facet. 

Definition 1.2. If intersection of any two polytopes of the tiling T of M. d into non-overlapping 
polytopes is a face of both of them (this face can be empty) then the tiling T is called face-to- 
face tiling. 



*This work is financially supported by RFBR (projects 11-01-00633-a and 11-01-00735-a) and by grant of 
the President of the Russian Federation HIH-5413.2010.1. 
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ometry and Topology. Russia, 119991, Moscow, Vorob'evy gory, 1, A-1620. 
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McMullen showed [3] that if parallelohedron P admits an arbitrary tiling of IR d into parallel 
copies then it admits also and a face-to-face tilings, namely McMullen proved that Minkowski 
conditions are necessary for parallelohedron P with non face-to-face tiling. Further for a given 
parallelohedron P we will consider only correspondent face-to-face tiling T(P). The uniqueness 
(up to translation) of such face-to-face tiling into copies of P is evident. Centers of all polytopes 
of the tiling T(P) forms a <i-dimensional lattice A(P). 

Also for an arbitrary d- dimensional lattice A we can construct a (^-dimensional parallelo- 
hedron. For a fixed point O G A consider a polytope Pa that consists of all points of M. d 
that are closer to O than to any other point of A. The constructed polytope DVa is called the 
Dirichlet-Voronoi polytope for A and this polytope is a parallelohedron because for different 
lattice points corespondent polytopes differs only by translation and all such polytopes gives 
us a face-to-face tiling of lR d . 

The first conjecture of Voronoi states that all parallelohedra can be obtained from Dirichlet- 
Voronoi polytopes with affine transformations. 

Conjecture 1 (G. Voronoi |5J). For any parallelohedron P there exists a lattice A and an affine 
transformation A such that the polytope A(P) is the Dirichlet- Voronoi polytope for A. 

Consider the set N(P) of vectors connecting the center of a given parallelohedron P with 
centers of all other parallelohedra of tiling T(P) that shares facets with P. It is clear that Af{P) 
generates the lattice A(P) because any vector from A(P) can be represented as a sum of several 
vectors from Af(P) . 

Conjecture 2 (G. Voronoi |5J). We can choosed vectors from M{P) that forms a basis o/A(P). 

In this paper we will prove the second conjecture of Voronoi in the case of space-filling 
zonotopes. 

2 Delone tilings and Dirichlet-Voronoi tilings 

We can generalize the construction of Dirichlet-Voronoi polytope on the case of general positive 
definite quadratic form. 

Definition 2.1. Let ip : IR d — > R be a positive definite quadratic form in d-dimensional 
Euclidean space and let O be a point of some fixed lattice A. The Dirichlet-Voronoi polytope 
P (/ ,(A) for A with respect to form ip is a polytope that consist of all points X of M. d such that 

value of ip on vector is not greater than value <p{0'X) for any other point O' G A. 

The constructed polytope P ¥J (A) is a parallelohedron too and the correspondent tiling is 
called a Dirichlet-Voronoi tiling V ¥ ,(A). If we will take ip equals to the usual metric form 
<p{x) = x T x then we will get the usual Dirichlet-Voronoi polytope DV\. 

Applying an affine transformation A to a given lattice A and a polytope Pp(A) with form 
y?(x) = x T Qx we will obtain lattice AA and polytope P^^AA) with respect to quadratic form 
¥M( X ) = (A~ 1 ^c) T Q(A~ 1 x). So to prove the first conjecture of Voronoi for a given polytope P 
with lattice A it is enough to show that there exist a quadratic form ip such that P = P ¥ ,(A). 
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For any Dirichlet-Voronoi tiling of ~R d into polytopes P V (A) we can construct a dual Delone 
tiling. The Delone tiling T>^(A) is defined by lattice A and positive definite quadratic form 
ip. For a given form ip consider an ellipsoid S^ with equation <^(x) = 1. Consider an arbitrary 
homothetic copy So of S^ such that So has some d-dimensional set of points from A on the 
boundary dS but does not have points from A inside So. This ellipsoid So defines a convex 
polytope inscribed in S with vertices from the lattice A. The set of all such polytopes inscribed 
in "empty" ellipsoids we will call the Delone tiling T> ip (A). 

For any vertex O of the Dirichlet-Voronoi tiling values of quadratic form ip on vectors that 
connects O with centers of polytopes from V ¥ ,(A) that meets at O are equal so O will be center 
of empty ellipsoid that defines one polytope from the Delone tiling V V (A). 

3 Zonotopes and dicings 

Definition 3.1. A polytope P C M. d is called a zonotope if P can be represented as a Minkowski 
sum of finite number of segments. The Minkowski sum of segments defined by vectors of the set 
V = {v%, .... v n } we will denote by Z(V). Vectors v, is called the zone vectors of the zonotope 
Z{V). 

Equivalently zonotope can be defined as a projection of cube C n of some dimension n > d. 

Erdahl in his work j2] proved the first conjecture of Voronoi for zonotopes. Later Deza and 
Grishukhin proved the first conjecture of Voronoi for zonotopes in terms of oriented matroids 
PP. In this paper we will formulate and use several notions and theorems concerning zonotopes 
and correspondent Delone tilings and Dirichlet-Voronoi tilings from Erdahl's work [2]. 

Definition 3.2. Consider n families of hyperplanes in d- dimensional Euclidean space. Assume 
that every family consists of parallel hyperplanes and slices M. d into layers of a constant width 
(this width can vary for different families). This set of n families and the correspondent tiling 
of M. d is called dicing if there are d linearly independent normals to these hyperplanes and 
every point that belongs to hyperplanes of d families with independent normals also belongs to 
hyperplanes of all other families. 

Assume that the point with radius vector ao belongs to hyperplanes of all families then for a 
given dicing we can choose normals di, . . . , d n to families in such a way that all hyperplanes of 
dicing will be defined by equations dj • (x — a ) = a for various integer a. Also we can substitute 
any vector d» by its negative — d,. 

Definition 3.3. In that case we will denote our dicing by S)(dx, . . . , d n ) and the set T> = 
{±di, . . . , ±d ra } we will call the set of normals of the dicing D. 

Consider an arbitrary vertex of a dicing D (i.e. point of intersection of hyperplanes from 
d families with independent normals) and consider all edges of D that incident to this vertex. 
This set of edges will be centrally symmetric. 

Definition 3.4. The mentioned set of edges S = {±ei, . . . , ie^} is called the edge set of a 
dicing D. It is clear that construction of the set S does not depend on the vertex of a dicing. 
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Also this construction immediately follows that all vertices of a dicing D forms a lattice 
A (D) that we will call the lattice of a dicing. 

In particulary Erdahl prooved the following theorem on connection between sets T> and £ 
[21 Theorem 3.1]. 

Theorem 3.5 (R. Erdahl). Given set V of n vectors with d linearly independent vectors can 
be a set of normals for a dicing if and only if there exists a set £ such that: 

(El) Any pair of opposite vectors ±e$ G £ lies in some one- dimensional intersection n ... Pi 
dj, with independent vectors G T> and conversely for any d — 1 linearly independent 
vectors from T> there is a correspondent pair of opposite vectors from £; 

(E2) For any pair of vectors d G T> and e G £ the scalar product d T e equals to or ±1. 

Definition 3.6. Matrices D and E with vectors from D and £ written in columns are called 
matrix of normal vectors and matrix of edge vectors of the dicing D respectively. 

Under the affine transformation of lR d with matrix L matrices D and E changes into matrices 
D' = (L _1 ) T D and E' = LE. Moreover, there exists an affine transformations such that entries 
of matrices D and E after this transformation will be only and ±1 [21 Theorem 3.3]. 

Theorem 3.7 (R. Erdahl). There exists an affine transformation that will give us a totally uni- 
modular matrix V , i.e. any of its minor will be equal to or ±1. Moreover this transformation 
can be chosen in such a way that both sets D and E will contain d vectors of standard basis of 
W 1 , i.e. vectors (1,0,..., 0) T , (0, 1,0,..., 0) T , . . . , (0, . . . , 0, 1) T . Also after this transformation 
all entries of matrices D and E will become or ±1. 

We will take only a half of vectors from the set T> with no opposite vectors included. This 
new set V + determines the same unique dicing D. Consider a quadratic form 



for some positive constants u^- The correspondent Dirichlet-Voronoi polytope described in [21 
Theorem 4.3]. 

Theorem 3.8 (R. Erdahl). The Dirichlet-Voronoi polytope for lattice A(D) with respect to 
quadratic form y?(x) is a zonotope with zone vectors 



In the same work Erdahl proved that if <£>(x) is the standard Euclidean metrics then the 
zone vectors of the correspondent zonotope are Zd = uj^d ([21 Sect. 6, p. 442]). 

Also [2, Theorem 1.2] claims that Dirichlet-Voronoi polytope for a lattice is a zonotope if 
and only if the correspondent Delone tiling is a dicing. 




deo+ 




4 



4 The second conjecture of Voronoi for zonotopes 



Lemma 4.1. Let Z = Z(V) be a d- dimensional zonotope. Any facet of Z is generated by some 
(d—1) -dimensional subset U ofV and conversely any (d—1) -dimensional subset ofV generates 
facet Z{U) of the zonotope Z(V). 

Proof. Let n be a hyperplane of some facet of Z. The zonotope Z(V) = Z(vi, . . . , v n ) is a 
projection of a cube C n C M n onto space M. d along (n — d)- dimensional subspace ip. Consider 
the hyperplane 7r x i/j in the space MJ 1 . This hyperplane is a supporting plane of the cube C n and 
hence it defines its face F. The face F is a cube of some dimension and this face is generated 
by edges of C n that projects onto vectors of the set V that are parallel to n. Hence the face F 
is projected into parallel copy of a zonotope Z{U) for some (d — l)-dimensional subset U of V. 
The converse statement can be proven in the analogous way. □ 

Theorem 4.2. The conjecture^ is true for space filling zonotopes. 

Proof. Assume that Z is a c?-dimensional space filling zonotope, i.e. zonotope that is also a 
parallelohedron. Then the first conjecture of Voronoi is true for Z [21 Theorem 1.1], i.e. there 
exists an affine transformation A such that the zonotope AZ is Dirichlet- Voronoi polytope of 
some lattice A with respect to the usual Euclidean metrics as a quadratic form. The Delone 
tiling for A with respect to Euclidean metrics is a dicing D = Z?(±di, . . . , ±d n ) so due to 
theorem 13.81 the zone vectors of the zonotope AZ can be written as cjjdj. 

Any vector that connects centers 0\ and O2 of copies of AZ with a joint facet F is per- 
pendicular to this facet because any point of F is equidistant from 0\ and 02- By lemma I4TT1 
there are d—1 vectors from the set {w?dj}™ =1 that are parallel to F so by theorem 13.51 there is 

a vector from £ perpendicular to F. That means the the vector O1O2 lies in S. The converse 
statement is also true, if we take any vector x from £ then d—1 linearly independent vectors 
from D that are perpendicular to x will determine a facet of Z. Therefore sets £ and Af(Z) 
coincides. 

Consider a unimodular representation of the dicing D. In this representation the set £ 
contains the standard basis of the space M. d and all other vectors of £ has integer coordinates. 
Hence in unimodular representation the set M{Z) contains a standard basis of M d and all other 
vectors of this set has integer coordinates in this basis. So in unimodular representation the 
lattice A(Z) coincides with Z d and M{Z) contains its basis. The last property is invariant 
under linear transformations and changing of the basis in M. d and this proves the theorem. □ 
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AHHOTaiJ,HH 

B flaHHoli pa6oTe ,n;oKa3aHa BTopaa riinoTe3a BopoHoro o napajijiejico/ipax ^jia 30ho- 
TonoB, to ecTb ,a,OKa3aHO, hto pjw flaHHoro pa36neHHH "rpaHb-B-rpaHb" ci-MepHoro npo- 
£NJ \ CTpaHCTBa Ha koiihh 30HOTona Z mojkho Bbi6paTb d BeKTopoB, coe^iiHsnomiie ueHTpbi 

30HOT0110B coceflHHX no rnneprpaHHM, KOTopbie siBjiiiioTCH 6a3HCOM cooTBeTCTByiomeft pe- 
. rneTKH pa36neHHH. 

O 

g ! 1 Ilapajijiejios^pbi. 

Onpe,a,ejieHHe 1.1. MHororpaHHHK P CM. d Ha3biBaeTCH napaAJieAoadpoM earn npocTpaHCTBo 
~R d mojkho pa36nTb Ha napajuiejibHbie Konnn P, He nepeceKaioinnecH no BHyTpeHHHM TOHKaM. 

KjiaccHHecKHMH pe3yjibTaTaMH b TeopHH napajuiejios^poB hbjihiotch TeopeMa MnHKOBCKoro 
jl], KOTopaa yTBepjK^aeT, hto ecjin MHororpaHHHK P HBjineTCH napajiJieji03,zrpOM, to oh caM 
HMeeT ueHTp cnMMeTpnn, jnoGas: ero rnneprpaHb HMeeT ueHTp chmmctphh h opToroHajibHaa 
npoeKH,HH P b^ojib jhoGoh rpaHH Kopa3MepHocTH 2 ecTb napajuiejiorpaMM hjih neHTpajibHo- 
CHMMeTpHHHBiH HiecTHyrojibHHK, h TeopeMa BeHKOBa |B], KOTopaa yTBepjK^aeT, hto ^aHHtie Tpn 
ycjioBHs HBjiHioTCH ^ocTaTOHHbiMH ^jih Toro, hto6bi MHororpaHHHK P 6biji napajuiejio3,npoM. 

B o6meM cnynae ,n;Ba coce^HHx napajuiejios^pa MoryT nepeceKaTbca no nacra rpaHH xa>K- 
roto H3 hhx, HanpHMep, b oGbihhoh "KHpnnHHon Kjia^Ke" ^Ba coce^Hnx KnpnHna H3 pa3Hbix 
ropH30HTajibHbix cjioeB nepeceKaioTCH He no nojiHon rpaHH. 

Onpe^ejieHHe 1.2. Ecjih b pa36neHHH T jnoGbie ^Ba napajuiejio^pa nepecexaioTCH no rpa- 
HH Kaac^oro H3 hhx (sTa rpaHb MoxceT 6bitb h nycTon), to cooTBeTCTByioinee T Ha3biBaeTCH 
pa36neHHeM spam-e-epaHb. 



*Pa6oTa BbinojiHeHa npn cjjiiHaHCOBOii no/mepjKKe POOH (npoeKTbi 11-01-00633-an 11-01-00735-a), a Taioite 
npH noftn,epjKKe rpama IIpe3HfleHTa P3> HIII-5413. 2010.1. 

^Mockobckhh rocyflapcTBeHHbifi yHHBepcHTeT iiM. M.B.JloMOHOCOBa, MexaHHKO-MaTeMaTHHecKHit 4>aKyjibTeT, 
xaej). Bbicniefi reoMeTpHH 11 Toncuioriiii. Pocchh, 119991, MocKBa, Bopo6i>eBbi ropbi, 1, A-1620. 
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MaxMajuieH j3] flOKaaan, hto ecjin jj;aHHbiH napajuiejios/rp P jj,onycKaeT pa36HeHHe npo- 
cTpaHCTBa M. d Ha napajuiejit.HL.ie Konnn npoH3BOJibHbiM o6pa30M, to oh /jpnycKaeT h pa36neHHe 
rpaHb-B-rpaHb, a hmchho MaxMajuieH jj,oKa3aji, hto j^axce jj,jih napajuiejios/rpa P h pasGneHHs: 
He rpaHb-B-rpaHb Tpn ycjiOBHa MnHKOBCKoro sbjijhotcsi HeoGxo/THMbiMH. B jj;ajibHeHHieM fljia 
Ka>Kja;oro napajuiejioa/rpa P mm GyzreM paccMaTpHBaTB tojibko cooTBeTCTByioinee eMy pa36n- 
eHHe T(P) rpaHb-B-rpaHb. EiTHHCTBeHHOCTb Taxoro pa36neHH5i OHeBH/THa. IIpH stom neHTpbi 
MHororpaHHHKOB pa36neHH5i T(P) o6pa3yiOT <i-MepHyio penieTKy A(P). 

TaK>Ke no jik>6oh d-MepHofl penieTKe A mojkho nocTponTb rf-MepHbin napajuiejios/rp. /fyis 
(pHKcnpoBaHHon tohkh O G A paccMOTpHM MHororpaHHHK Pa, coctohiilhh H3 Bcex Tonex npo- 
CTpaHCTBa M. d , KOTopbie Gjinxce k O neM k ocTajibHbiM TonxaM A. /JaHHMft MHororpaHHHK 
Ha3biBaeTca mhozozpclhhukom flupuxAe-Bopouozo h HBjiaeTCH napajuiejios/rpoM, Tax k&k mho- 
rorpaHHHKH fljia pa3JiHHHbix Tonex penieTKH OTjinnaioTCH napajuiejibHbiM nepeHocoM n jj,aioT 
pa36HeHHe "rpaHb-B-rpaHb" npocTpaHCTBa M. d . 

IlepBaH rnnoTesa BopoHoro yTBepxcj^aeT, hto Bee napajuiejios/rpM MoryT 6biTb nojiyneHM 
c noMonibio acpcpHHHbix npeo6pa30BaHHH H3 MHororpaHHHKOB ,ZlHpHxjie-BopoHoro. 

THnoTe3a 1 (T.BopoHon [5J). JJaa aw6ozo napajuiejioadpa P cymecmeymm manue pemem- 
kcl A u acfitfiuHHoe npeo6pa3oeaHue A, umo MHOzozpaHHUK A(P) A6AAemcA MHozozpaHHUKOM 
JJupuxjie-BopoHozo 3ah peiuemnu A. 

IlycTb jV(P) — Ha6op BeKTopoB coe/rnHHioinHX neHTp jj;aHHoro napajuiejios/rpa P c neH- 
TpaMH ero coce^HMH no rnneprpaHHM b pa36HeHHH T(P). OneBH/XHO, hto MHOJKecTBO H{P) 
nopojKflaeT penieTKy A(P) Tax k&k jno6on BeKTop, coeflHHsroiniiii neHTpbi flByx napajuiejiosjo;- 

POB pa36HeHH2 T(P), MffiKHO npeij;CTaBHTb B BH^e CyMMbI HeCKOJIbKHX BeKTOpOB H3 J\f{P). 

THnoTe3a 2 (T.BopoHOH [5j). B MHootcecmee J\f(P) mochcho eu6pamb d eeKmopoe, mAHtovu^u- 
eca, 6a3ucoM pememKU A. 

B ^aHHofi paGoTe mm flOKaxceM BTopyio rnnoTe3y BopoHoro b nacmoM cjiynae 30HOTonoB, 
hbjihioiixhxch napajiJiejios/rpaMH. 

2 Pa36HeHHa ^ejiOHe h BopoHoro 

IlocTpoeHHe MHororpaHHHKa ^Hpnxjie-BopoHoro H3 npe/rbiiiyinero pa3,n;ejia mojkho o6o6mHTb 
Ha cjiynan npoH3BOjibHOH KBairpaTHHHOH cpopMbi. 

Onpe/],ejieHHe 2.1. IlycTb ip : M> d — > R — nojio>KHTejibHo onpe^ejieHHas KBa/xpaTHHHaa: 
cpopMa B WL d H O — HeKOTopaa Tonxa cpHKcnpoBaHHoii penieTKH A. Mhozozpcihhukom flupuxAe 
P /P (A) fljis jj,aHHOH penieTKH A oTHocnTejibHo cpopMbi ip Ha3biBaeTca MHororpaHHHK, coctohihhh 
H3 Bcex ToneK X npocTpaHCTBa M. d , jj;ji5i KOTopbix 3HaneHne cpopMbi tp Ha BeKTope OX He 
Gojibine neM 3HaneHHe ip(0'X) jj,jia jiio6oh tohkh O' G A. 

IlocTpoeHHbiH MHororpaHHHK P(p(A) TaK>Ke HBjiaeTCH napajuiejio3Jj;poM n cooTBeTCTByio- 
m,ee pasGneHHe Ha3biBaeTC3 pa36uenueM flupuxAe-Boponozo V ¥ ,(A). OGbiHHbin MHororpaHHHK 
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^HpHXJie-BopoHoro nojiynHTca ecjin b KanecTBe cpopMbi ip paccMOTpeTb oGbiHHyio cpopMy MeT- 
puKH f(x) = x T x. ITpn 9tom, earn k ^aHHofi peiiieTKe h ^aHHOMy MHororpaHHHKy -P^(A) c 
cpopMofi </?(x) = x T Qx mm npuMemiM acpcpHHHoe npeo6pa30BaHHe A, to b pe3yjibTaTe no- 
jiyHHTcs peineTKa AA h MHororpaHHHK P^~i v (AA), r^e cpopMa A _1 (p 3a^aeTca paBeHCTBOM 
A~ 1 (f('x) = (A~ 1 it) T Q(A~ l yL). Cjie^oBaTejiBHo, ^jih toto, htoGm ppKas&Tb nepByio rnnoTe3y 
BopoHoro pjm ^aHHoro napajuiejios^pa P c ^aHHofl peineTKofi A ^ocTaTOHHo Haft™ Taxyio 
KBa^paTHHHyio cpopMy ip, hto P = P^A). 

,H,BoiicTBeHHbiM k pa36neHHio V^A) Ha MHororpaHHHKH ^Hpirxjie-BopoHoro P^(A) hbjih- 
eTca pa36neHHe ,HejroHe, TaKace onpe^ejiaeMoe no flaHHbiM peineTKe A h nojioacHTejibHo onpe- 
flejieHHofl KBa^paTHHHofl cpopMe ip. KBa,npaTHHHaa cpopMa ip onpe^ejiaeT 3jijiHncoH,n £ v , 3a- 
^aBaeMBifl ypaBHeHHeM y?(x) = 1. PaccMOTpuM KaKofi-HnGyzib 3jijiHncoH,n; roMOTeranHbifi 8^ 
co^epjKamHH Ha rpaHHii;e <i-MepHoe no^MHoacecTBO Tonex H3 A, ho He co^epjKairjrifi BHyTpn 
ce6ii hh oflHoft tohkh A. TaKofi sjijinncoH^i; onpe^ejiaeT BnncaHHbifi b Hero BbinyKjibifi MHoro- 
rpaHHHK. MHoacecTBo TaKHx MHororpaHHHKOB , BnncaHHbix b "nycTbie" sjijinncoH^i; Ha3biBaeTCH 
pa36uenueM fl^ejione V V (A). 

Ecjih mm paccMOTpHM npoH3BOJibHyio BepniHHy O pasGneHHa ,H,HpHxjie-BopoHoro, to 3Ha- 

HeHHe KBa^paTHHHOH CpOpMbl If Ha BeKTOpaX, COe^HHHIOIHHX O c n;eHTpaMH MHororpaHHHKOB 

H3 V^A) ee co^epjKamnx, paBHbi, a 3HanHT O h 6yn;eT ueHTpoM "nycToro" sjijinncoH^a, onpe- 
flejiaiomero o^hh H3 MHororpaHHHKOB pa36neHH5i ,II,e.noHe 22^ (A). 

3 3oHOTonbi h flaflcHHrH 

Onpe^ejieHHe 3.1. MHororpaHHHK P CM. d Ha3biBaeTca 30HomonoM ecjni ero mojkho npeflCTa- 

BHTb B BH^e CyMMbI MHHKOBCKOrO HeKOTOporO KOHeHHOrO Ha6opa OTpe3KOB. 3oHOTOn, 5TBJI5HO- 
IHHfica CyMMOH MHHKOBCKOrO OTpe3KOB, 06pa30BaHHbIX BeKTOpaMH MHOJKeCTBa V = {vi, . . . , v n }, 

o6o3HaHaeTca Z(V). BeKTopbi Ha3bmaioTC3 eenmopaMu 3oh. 

3KBHBajieHTHbiM o6pa30M 30HOTon mojkho onpe^ejiHTb KaK npoeKHHio Ky6a C n HeKOTopoil 
pa3MepHocTH n > d. 

3p^;aji b paGoTe [2] ,n,OKa3aji nepByio rnnoTe3y BopoHoro 30HOTonoB, aBjunomnxcs: 
napajuiejiosflpaMH. no3^Hee ,n;oKa3aTejibCTBo nepBofi rnnoTe3bi BopoHoro fljia: 30HOTonoB 6bijio 
^;aHo ,H,e3a h TpHHiyxHHbiM b TepMHHax opHeHTHpoBaHHbix MaTpoH^oB B ^aHHoli pa6oTe 
mm ccpopMyjinpyeM h 6yn;eM Hcnojib30BaTb HeKOTopbie cpaKTbi o 30HOTonax h cooTBeTCTByrouxnx 
pa36neHHH JXenone h ^npnxjie-BopoHoro H3 yKa3aHHofi pa6oTbi [2]. 

Onpe,n,ejieHHe 3.2. PaccMOTpHM b <i-MepHOM npocTpaHCTBe n ceMeficTB rHnepnjiocKocTeH c 
HopMajiHMH di,...,d n npHHeM b Kaac^oM ceMeflcTBe Bee njiocKocTH napajuiejibHbi h ^,aioT 
pa36neHHe npocTpaHCTBa Ha cjioh paBHoft TOJimHHbi. ^aHHbifl Ha6op ceMeficTB h pa36neHHe, 
KOTopoe ohh 3aflaioT Ha3biBaioTC5i daucumoM D (di , . . . , d„) ecjin cpe,n;H ^aHHbix ceMeficTB mojk- 
ho BbiGpaTb d c jiHHeHHo He3aBHCHMbiMH HopMajiHMH h Hepe3 jiio6yio TOHKy, nepe3 KOTOpyK) 
npoxo^aT njiocKocTH d ceMeficTB, npoxo^HT njiocKocTH h ocTajibHbix ceMeficTB. 

LlycTb TOHKa c pa^nyc-BeKTopoM ao Jie>KHT Ha rHnepnjiocKOCTax Bcex ceMeficTB ^aflcHHra, 
Tor^a fljiH ^aHHoro ^aflcHHra mojkho Bbi6paTb HopMajiH di , . . . , d n k rnnepnjiocKocTHM ero ce- 
MeficTB TaKH o6pa30M, hto Bee rHnepnjiocKocTH ^aficHHra 3a^;aioTCH ypaBHeHHJiMH dj- (x— ao) = 
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a BceB03Mo>KHbix uejiBix napaMeTpoB a. IIpH stom KajK^bili BeKTop d, mojkho 3aMeHHTB 
Ha eMy npoTHBonojioxcHBiH — dj. 

Onpe^ejieHHe 3.3. B 3tom cjiynae mhoxccctbo BeicropoB D = {±di, . . . , ±d n } Ha3biBaeTCH 
MHOMcecmeoM HopMa/ieu ^aflcHHra 2?(di, . . . , d n ). 

Bbi6epeM npoH3BOJiBHyio BepniHHy ^aficHHra D (to ecTB Tonicy nepeceneHHH runepnjioc- 
KocTefl H3 d ceMeflcTB) h paccMOTpHM Bee pe6pa ^aficHHra, KOTopBie H3 Hee bbixo^ht. 3to 
MHOJKecTBo pe6ep 6yneT neHTpajibHo cHMMeTpHHHMM . 

Onpe,a,ejieHHe 3.4. /IaHHoe mhojkcctbo £ = {±ei, . . . , ie^} Ha3MBaeTCH MuootcecmeoM pe- 
6ep ^aflcHHra. OneBUflHO, hto nocTpoeHHe 3Toro MHoacecTBa He 3aBHCHT ot Toro Kaxyio mm 
BepniHHy BBi6pajiH H3HanajiBHo. 

TaK>Ke OTciofla cjie^yeT, hto Bee BepniHHBi ^aftcHHra D o6pa3yioT penieTKy A (2?), KOTopaa 
Ha3BiBaeTCH peuxemKou daucuma. 

B nacTHocTH 3p,n,aji ^OKa3aji cjie^ryioinyio TeopeMy o cbh3h mhojkcctb T> h £ [21 TeopeMa 
3.1]. 

TeopeMa 3.5 (P. 3p^aji). Mnoatcecmeo D c d AuneuHO HesaeucuMUMU eenmopaMu neAsiem- 
ch MHOOtcecmeoM Hopjucuieu ueKomopozo daucuma ecAU u moAbKO ecAU cyu^ecmeyem manoe 
MHOMcecmeo £ , umo: 

(El) Jlmdan napa npomueonoAOOfCHUx eeKmopoe ±e» G £ npunadAeotcum odnoMepnoMy nepe- 
ceuenuw D . . . D , zde eenmopu dy ET> u Auueuno ne3aeucuMU u uaodopom dAA 
Awdux d — 1 ue3aeucuM030 eenmopa U3 D naudemcn coomeemcmeywuxasi napa npomu- 
eonoAoafCHUx eeKmopoe U3 £; 

(E2) JJ^aa Awdux eeKmopoe d G T> u e G £ eepno paeencmeo d • e = 0, ±1. 

Onpe/],ejieHHe 3.6. MaTpnubi D h E, ctojiGhm kotopbix coctoht H3 BeKTopoB mhojkcctb T> h 
£ cooTBeTCTBeHHO, Ha3BiBaiOTC5i MaTpni^aMH eeKmopoe uopjuaAeu h eeKmopoe pedep ^aflcHHra 
D. 

IIpH acpcpHHHOM npeo6pa30BaHHH npocrpaHCTBa M. d c MaTpHHeft L MaTpnuM D h E mchh- 
iotch no npaBHjiaM D' = (L _1 ) T D h E' = LE. Bojiee toto, cymecTByeT acpcpHHHoe npeo6pa- 
30BaHHe nocjie KOToporo MaTpnuM D h E coctoht TOJibKo H3 h ±1 [21 TeopeMa 3.3]. 

TeopeMa 3.7 (P. 3p,zraji). Cyu^ecmeyem atfidjuunoe npeodpa3oeanue, nocAe Komopozo Mam- 
puv^a D' dydem noAHOcmbto ynuModyAApnou, mo ecmt Awdou ee Munop dydem paeeu uau 
±1. EoAee moso, amo npeodpa3oeanue mochcho eudpamb maKUM odpa30M, umo e KawcdoM U3 
MHowcecme T> u £ MOOK.no eudpamb no d eeKmopoe, Komopue AeAAwmcsi cmandapmnuM da3u- 
com npocmpancmea M d , mo ecmb eeKmopaMu (1,0,..., 0) T , (0, 1,0,..., 0) T , . . . , (0, . . . , 0, 1) T . 
TaKMce e amoM da3uce SAeMenmaMU Mampuu. D u E dydym u ±1. 
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PaccMOTpHM nojiOBHHy Bcex BeKTopoB H3 MHoacecTBa D cpe^H kotopbix HeT npoTHBono- 
jiojkhbix. /JaHHoe MHoxecTBo T> + TaKace o^HosHaHHo onpe^ejiaeT ^aftcHHr D. PaccMOTpHM 
KBa^paTHHHyio (popMy 



fljia HeKOTopBix nojio>KHTejiBHBix . Tor^a cooTBeTCTByioiHHH MHororpaHHHK ^npaxjie-BopoHoro 
onncBiBaeTCH Tax |2j TeopeMa 4.3]: 

TeopeMa 3.8 (P. 3p,naji). MnoeospanHUKOM JJupuxAe-Boponogo peuierriKU A(©) omHocumeAt- 
ho KeadpamuHHOu cfiopMU y?(x) R6AHemcH 30Homon c eenmopajviu 30H 



Bojiee Toro, b toh ace pa6oTe ,noKa3aHo, hto ecjiH MeTpuxa y?(x) — cTaH^apTHaa eBKjin^oBa, 
TO BeKTOpBI 30H paBHBI Zrf = Wdd ([2, Pa3^. 6, CTp. 442]). 

Taioice b [2j TeopeMa 1.2] ^oxasaHa, hto MHororpaHHHK ,U,HpHxjie-BopoHoro fljia perneT- 
kh aBjiHeTCH 30HOTonoM ecjin h tojibko ecjin cooTBeTCTByrornee pa36neHHe ,ZIejioHe HBjiHeTCH 
^aflcHHroM. 

4 BTopaa rnnoTe3a BopoHoro ^jia 30HOTonoB 

JleMMa 4.1. nycrrib Z = Z(V) — d-Mepnuu 30Homon. JIw6asi gunepepant Z nopootcdaem- 
csi (d — l)-MepnuM nodMHOMcecmeoM U MHOwcecmea V u Hao6opom, aw6ou (d — l)-Mepnoe 
nodMHOCHcecmeo V nopootcdaem zunepzpawb Z(U) 30Homona Z(V). 

JJoKa3ameAbcmeo. IlycTB ir — rHnepnjiocKOCTB KaKOH-jinGo rnneprpaHH Z. 3oHOTon Z(V) = 
Z(vi, . . . v n ) HBjiHeTCH npoeKH,HeH Ky6a C n C K n Ha npocTpaHCTBo ~R d b^ojib (n — <i)-MepHoro 
npocTpaHCTBa "0. PaccMOTpHM b npocTpaHCTBe ~R n rHnepnjiocKOCTB it x ip; oHa HBjiaeTCH onop- 
hoh rHnepnjiocKocTBio ,n;jia Ky6a C n , a 3HanHT onpe^ejiaeT ero rpaHB F. TpaHB F HBjiHeTCH 
Ky6oM pa3MepHocTH d— 1, kotopbih nopojK^aeTca cTopoHaMH Ky6a C n , npoennpyeMBiMH b Bex- 
TopBi MHOJKecTBa V, napajuiejiBHBie njiocKocTH n. Cjie^oBaTejiBHo, bch rpaHB F npoeunpyeTCH 
b napajuiejiBHyio Konnio 30HOTona Z(U) h b Toace BpeMH b rpaHB 30HOTona Z(V). B o6paTHyio 
cTopoHy ^0Ka3aTejiBCTB0 aHajiorHHHo . □ 

TeopeMa 4.2. JJ^ar 30Homonoe, HGAHWu^uxcn napaAAeAosdpaMu eepna sunome3a\^ 

J^oKa3ameAt>cmeo. IlycTB 30HOTon Z HBjiaeTCH d-MepHBiM napajuiejios^poM. JXjik Hero BepHa 
nepBaa rnnoTe3a BopoHoro j2j TeopeMa 1.1], to ecTB cyrnecTByeT Taxoe acpcpHHHoe npeo6pa- 

30BaHHe A, HTO 30HOTOn AZ HBJIHeTCH MHOrorpaHHHKOM ,Z],HpHXJie-BopOHOrO ^JI3 HeKOTopoil 

perneTKH A. Pa36neHHe JXenone ,zijih perneTKH A h cTaH^apTHofl MeTpHKH HBjiHeTca ^aflcHHroM 
T> = D(±di, . . . , ±d n ), cjie^oBaTejiBHo (TeopeMa 13. 8L BeKTopBi 30H 30HOTona AZ sto BeKTopBi 
BH^a Wjdj. 
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BeKTop, coe^HHJiiomHH n;eHTpt>i 0\ n O2 A B Y X Konnii AZ c o6m,e& rnneprpaHBio F, nep- 
neH^HKyjiapeH sto rnneprpaHn, Tax kbk Bee toukh F paBHoynajieHbi ot 0\ h O2. IIo jieMMe 
!4.1l rpaHH F napajiJiejibHbi d—1 BeKTop H3 MHoxcecTBa T>, a 3HannT no TeopeMe l3.5[ Han^eTcs 
BeKTop H3 £ nepneH^HKyjiapHbifi F, cjie^oBaTejibHo BeKTop O1O2 jibjkht b £. 06paTHoe Taxace 

BepHO, eCJIH MBI B03BM6M JIK)6oH B6KTOp H3 £, TO d — 1 He3aBHCHMBIX BeKTOpOB H3 T>, KOTOpBie 

eMy nepneHflHKyjiapHM, 3a^a^yT rnneprpaHb 30HOTona Z. TaKHM o6pa30M, MHOJKecTBa £ n 
M{Z) coBna^aioT. 

PaccMOTpiiM yHHMo^yjiapHoe npe^cTaBjieHHe cooTBeTCTByiomero ^ancnHra. B ^aHHOM npefl- 
CTaBjieHHH b MHOJKecTBe £ co^;ep>KHTca cTaH^apTHbiii 6a3nc npocTpaHCTBa, a ocTajibHBie Bex- 

TOpBI MHOJKeCTBa £ HMeiOT I^ejIOHHCJieHHbie KOOpflHHaTM. Cjie^OBaTejIBHO, B yHHMO^yjIHpHOM 

npe^cTaBjieHHH n b MHoacecTBe M{Z) co,n;ep>KHTC3 cTaunapTHBin 6a3nc npocTpaHCTBa, a ocTajib- 
Hbie BeKTopti 9Toro MHoacecTBa BBipaacaioTca nepe3 ^aHHbifi 6a3nc c uejibiMn KoscpcbnuneHTa- 

MH. □ 
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